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Will Holcomb CSC445 - Homework #4

October 25, 2002

1 Number 1

Show that the following are context-free:

1. {anwcwRa5n+4|n ≥ 0;w ∈ {a, b}}

L → AWaaaa (1)

A → aAaaaaa|λ (2)

W → aWa|bWb|c (3)

2. {aibjckdl|i, j, k, l ≥ 0; i ≥ j; k ≥ l}

L → AC (4)

A → aAb|aA|λ (5)

W → cCd|cC|λ (6)

3. {anb3n+7a2m+3b6m|n,m ≥ 0}

L → AC (7)

A → Bbbbbbbb (8)

B → aBbbb|λ (9)

C → aaaD (10)

D → aaDbbbbbb|λ (11)
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4. {anbn|n%7 6= 0}

L → ab|aA2b (12)

A2 → ab|aA3b (13)

A3 → ab|aA4b (14)

A4 → ab|aA5b (15)

A5 → ab|aA6b (16)

A6 → ab|aA7b (17)

A7 → aLb (18)

2 Number 2

If T is regular and U is context free, what is true about TU? Why?

TU is context free.

Since λ is regular, TU is trivially not regular.

Since T can be simulated with a DFA and U with a PDA. A DFA is a
degenerate case of a PDA where each time nothing is pushed or popped from
the stack. To model TU with a PDA simply combine the PDA for T and U
by making a λ transition from each element in the final states of T to the
start state of U. The resultant PDA will accept TU ∴ TU is context free.

3 Number 3

If T is context free and U is regular, what is true about T - U? Why?

T - U is context free.

Since λ is regular, T - U is trivially not regular.

T - U = T ∩ U. Since U is regular, U is regular too. It is possible to
create a pda which simulates T and U in parallel, accepting T ∩ U ∴ T - U
is context free.
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4 Number 4

If XR is context free, is X context free? Why?

Yes, X is context free if XR is context free. For a grammar X 3

X = {P,Σ, S, R} (19)

P is the set of nonterminals

Σ is the input alphabet (terminals)

S ∈ P is the start state

R is the set of rules

= {(l, r)|l ∈ P, r ∈ {P ∪ Σ}∗} (20)

There exists a grammar for XR = {P,Σ, S, RR} 3

RR = {(lR, rR)|∀(l, r) ∈ R; lR = l, rR = rR} (21)

5 Number 5

Prove that L = {ak|k = 2m;m ∈ N} is not context free.

Pick w = ak 3 k = 2n. |w| = 2n > n and w ∈ L, so the pumping lemma
holds if L is context free ∴ ∃w ∈ L;n ∈ N 3

w = uvxyz (22)

|w| ≥ n (23)

|vxy| ≤ n (24)

|v|+ |y| ≥ 1 (25)

wi = uvixyiz ∈ L∀i ∈ N (26)

|wi| = |u|+ (i)|v|+ |x|+ (i)|y|+ |z| (27)

Since 1 ≤ |v|+ |y| ≤ n from the pumping lemma,

2n = |w1| < |w2| = |w1|+ |v|+ |y| ≤ 2n + n < 2n+1 (28)

So, w2 6∈ L ∴ L is not context free.

6 Number 6

Explain why T = {aibicjdj|i, j ≥ 0} is context free.
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Because it can be described by the grammar:

L → AC (29)

A → aAb|λ (30)

C → cCd|λ (31)

7 Number 7

Explain why U = {aibjcjdk|i, j, k ≥ 0} is context free.

Because it can be described by the grammar:

L → ABD (32)

A → aA|λ (33)

B → bBc|λ (34)

D → dD|λ (35)

8 Number 8

Explain why, for T and U from the previous problems, X = T ∩ U is not
context free.

T ∩ U = {aibjckdl|i = j; k = l; j = k} (36)

= {aibjckdl|i = j = k = l} (37)

First define a homomorphism h 3

h(a) = a (38)

h(b) = b (39)

h(c) = c (40)

h(d) = λ (41)

Xh = h(X) = h(T ∩ U) = {aibici|i ≥ 0} (42)

{aibici|i ∈ N} is one of the canonical non-context free grammars.



5

9 Number 9

Present a formal definition of a two stack push-down automata and a de-
scription of its language.

A normal push-down automata is defined as follows:

A = (Σ, Q,Γ, δ, q0, F ) (43)

Σ is an input alphabet

Q is a set of states

Γ is a stack alphabet

δ is a transition function

δ |= Q× (Σ ∪ {ε})× Γ 7→ Q× Γ∗ (44)

q0 ∈ Q is a start state

F ⊆ Q is a set of final states

To add another stack all that needs to be altered is the transition function
since the basic idea doesn’t change. Define a double stack pda, Ad as:

Ad = (Σ, Q,Γ, δd, q0, F ) (45)

δd |= Q× (Σ ∪ {ε})× (Σ ∪ {ε})× Γ 7→ Q× Γ∗ (46)

δ is defined as a function:

δ(qi, σ, γo) = (qj, γu) (47)

qi ∈ Q is an initial state

σ ∈ Σ is an input character

γo ∈ Γ is a character to pop from the stack

qj ∈ Q is a resultant state

γu ∈ Γ is a character to push on the stack

δd has the same basic definition as δ with a change in how the stack
alphabet is handled:

δd(qi, σ, γo1, γo2) = (qj, γu1, γu2) (48)

γoi 3 i ∈ {1, 2} ∈ Γ

is popped from the first and second stack respectively

γui 3 i ∈ {1, 2} ∈ Γ

is pushed on the first and second stack respectively
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Design a two stack PDA to accept T ∪ U from the previous problem.

T ∪ U = {aibicidi|i ∈ N} can be generated by the following two stack pda:

Ad = (Σ, Q,Γ, δd, q0, F ) (49)

Σ = {a, b, c, d} (50)

Q = {q0, q1, q2, q3} (51)

Γ = {1} (52)

F = {q3} (53)

δd(q0, a, λ, λ) = (q0, 1, λ) (54)

δd(q1, b, 1, λ) = (q1, λ, 1) (55)

δd(q2, c, λ, 1) = (q2, 1, λ) (56)

δd(q3, d, 1, λ) = (q3, λ, λ) (57)

δd(qi, λ, λ, λ) = (qi+1, λ, λ) 3 i ∈ {0, 1, 2} (58)


