Homework #4

Will Holcomb €SC445 - Homework #4

October 25, 2002

1 Number 1

Show that the following are context-free:

1. {a"wcw®a®|n > 0;w € {a,b}}

L — AWaaaa (1)
A — aAaaaaal\ (2)
W — aWalbWb|c (3)

2. {abckdi, j, k1> 00> j;k > 1}

L — AC (4)
A — aAblaA|\ (5)
W —  ¢Cd|cC|A (6)

3. {a”b3”+7a2m+3b6m|n,m > 0}

L — AC (7)
A — Bbbbbbbb (8)
B — aBbbb|A 9)
C — aaaD (10)
D — aaDbbbbbb|A (11)
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4. {a"b"|n%7 # 0}

L — ablaAsb (12)
A, — ablaAsb (13)
A; — ablaAsb (14)
A, — ablaAsb (15)
As; — ablaAgb (16)
Ag — ablaAsb (17)
A; — alb (18)

2 Number 2

If T is regular and U is context free, what is true about TU? Why?

TU is context free.

Since A is regular, TU is trivially not regular.

Since T can be simulated with a DFA and U with a PDA. A DFA is a
degenerate case of a PDA where each time nothing is pushed or popped from
the stack. To model TU with a PDA simply combine the PDA for T and U

by making a A transition from each element in the final states of T to the
start state of U. The resultant PDA will accept TU .-. TU is context free.

3 Number 3

If T is context free and U is regular, what is true about T - U? Why?

T - U is context free.

Since A is regular, T - U is trivially not regular.

T-U=TnNU. Since U is regular, U is regular too. It is possible to

create a pda which simulates T and U in parallel, accepting TNU -, T - U
is context free.
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If X% is context free, is X context free? Why?

Yes, X is context free if X is context free. For a grammar X 3

X = {P% S R}

is the set of nonterminals

is the input alphabet (terminals)
€ P is the start state

is the set of rules

= {(l,n|le Pre{PUX}'}
There exists a grammar for X% = {P,%,S,RE} >

R ={(lg,mp)|IV(,r) € R;lg = l,rr = r'}

I »n MY

5 Number 5

Prove that L = {a*|k = 2™;m € N} is not context free.

(20)

(21)

Pick w = a* > k = 2". |w| = 2" > n and w € L, so the pumping lemma

holds if L is context free .. Jw € Lyn € N>

wo o= uvryz
lw| > n
lvay] < n
ol +1lyl = 1
w; = wv'xy'z € LVi e N
jwi| = ful + @)v] + || + @)yl + ||

Since 1 < |v| + |y| < n from the pumping lemma,
2" = |wi| < |we| = |wi] + |v| + Jy| < 2" +n < 27

So, we € L .-. LL is not context free.

6 Number 6

Explain why T = {a’b’c/d’|i, j > 0} is context free.

NN NN
Ot = W N

[\
(@)
_ = D D D=

N /N /N /S /—
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-3

(28)
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Because it can be described by the grammar:

L - AC (29)
A — aAb|\ (30)
C — cCdA (31)

7 Number 7
Explain why U = {a’b’c/d*|i, j, k > 0} is context free.

Because it can be described by the grammar:

L — ABD (32)
A — aA|X (33)
B - bBeA (34)
D - dD|\ (35)

8 Number 8

Explain why, for T and U from the previous problems, X = T N U is not
context free.

TNU = {abicFd|i=jk=1;j=Fk} (36)
= {ab/rd)i=j=k=1} (37)

First define a homomorphism h >

h(a) = a (38)
hb) = b (39)
h(c) = ¢ (40)
h(d) A (41)
X, = h(X) = L(TNU) = {a’b’c’|i > 0} (42)

{a'b’c’|i € N} is one of the canonical non-context free grammars.
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Present a formal definition of a two stack push-down automata and a de-
scription of its language.

A normal push-down automata is defined as follows:

A = (3,0Q,1,9,q,F) (43)
> is an input alphabet

Q) is a set of states

' is a stack alphabet

0 is a transition function

b F QxEU{e) xI'—>QxTI™ (44)
g € ( is a start state

F C (@ is a set of final states

To add another stack all that needs to be altered is the transition function
since the basic idea doesn’t change. Define a double stack pda, A, as:

As = (8,Q.T,04,q0, F) (45)
e FE QxEU{e}) x (ZBU{e}) xT'—QxT* (46)

0 is defined as a function:

6(¢i,0,%) = (4,7) (47)
¢; € (@ is an initial state
o € X is an input character
v, € I is a character to pop from the stack
g; € @ is aresultant state
Y. € T'is a character to push on the stack

04 has the same basic definition as 0 with a change in how the stack
alphabet is handled:

0a(qi, 0 Yo1:Y02) = (4 Y1 Vu2) (48)
Yi D 1€{l1,2} el
is popped from the first and second stack respectively
Yi > 1€{1,2} el
is pushed on the first and second stack respectively
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10 Number 10

Design a two stack PDA to accept T U U from the previous problem.

TUU = {a'b’c'd’|i € N} can be generated by the following two stack pda:

Ai = (5,Q.T,04, 90, F) (49)
Y = {a,b,c,d} (50)
Q = {0, 0,9 0} (51)
r = {1} (52)
Fo= {g} (53)
da(qo,a, A, A) = (qo, 1, ) (54)
da(q1, b, L,N) = (qi,\, 1) (55)
0a(ge, ¢, A1) = (ge, 1, ) (56)
da(gs,d,1,A) = (g3, A, A) (57)
da(qi, \, M A) = (giv1, A A) 21 € {0,1,2} (58)



